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In principle, patterns of migration and historical branching events can be 
reconstructed from gene frequency data, but we still lack most of the 
techniques necessary to do this. This is a fairly clearly defined problem 
with a variety of interesting subcases. It appears likely to raise interesting 
mathematical and statistical questions. The amount of data potentially 
available is very large. The problem is reviewed in this paper, but no new 
solutions are proposed. 

1. Introduction 

This paper reviews what will at first appear to be a narrow problem in 
population genetics, but one which seems certain to lead to a variety of 
interesting mathematical and statistical problems. Though the need for a 
solution to these problems is mostly unperceived by the people who are 
generating the applicable data, the problem involves developing methods 
for analyzing a large body of data. 

Although surveys of electrophoretic polymorphisms have proven unable 
to resolve the controversy between selectionists and neutralists in popula- 
tion genetics, they have provided us with an enormous body of data relevant 
to microsystematics. There have been hundreds (perhaps thousands) of 
electrophoretic surveys carried out in organisms of every description. Each 
of these involves estimating gene frequencies at many loci in many popula- 
tions, It seems obvious that these data are capable of giving us insights 
into the geographic structure of these species, and into the historical events 
which gave rise to the various populations. But the specific mathematical 
and statistical techniques necessary to make these inferences, and to test 
relevant hypotheses, have barely begun to be developed, 

Population geneticists faced with geographical data on gene frequencies 
usually resort to clustering algorithms applied to a matrix of genetic dis- 
tances. These inevitably result in a tree (or “dendrogram”). This gives the 
appearance of verifying that the species is hierarchically subdivided. Yet 
it may be that the genetic distances reflect isolation by distance, or some 
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Humans expanded out of Africa to 
occupy nearly the entire globe over the 

last 60-100k years

Details in this figure are are vague. How can we figure out population sizes, timings of 
population movements, etc?

Humans are intensively studied, yet we still know only vague details. What about 
other species?



What can we hope to learn?

• Topology

• what is the branching 
structure of populations?

• Demography

• when did demographic 
events occur?

• what were population sizes?
simultaneously (Figure 5). To discriminate between these four
models, we calculated several between-population summary
statistics for all pairs of populations, including FST, the proportion
of shared mutations, the proportion of low-frequency shared
mutations, and the mean frequency of shared mutations (Table S5,
Materials and Methods)
Twenty autosomal regions were simulated 1,000,000 times

under the four possible IM models (Figure 5) with IM parameters
(times of divergence, migration rates) drawn from large, flat prior
distributions (Table S9). As the specific demographic history of
each population group may influence the inference of the
branching history, we incorporated into our simulations (Table
S9) the demographic model identified for each population group
most compatible with their observed within-population summary
statistics (Table 1). The mean between-population summary
statistics across the 20 simulated regions were then compared
with the observed statistics for the 20 autosomal regions (Table S5,
Materials and Methods). The proportion of low-frequency shared
mutations and the mean frequency of shared mutations were

found to be non informative: their mean values were similar across
the four IM models simulated (data not shown). By contrast, FST
and the proportion of shared mutations varied considerably
between IM models. These two statistics were therefore system-
atically considered in the sets of summary statistics used for the
best-fit approach (Materials and Methods). Independently of the
set of summary statistics used, the A-WE model always gave the
highest proportion of small distances between the simulated and
observed datasets (Y0.5), and was therefore identified as the most
probable model given the data (Figure 6). We then investigated
whether this result was sensitive to j — the threshold at which
distances between simulated and observed statistics are considered
to be ‘‘small’’ (Materials and Methods). We observed a highly
significant negative correlation between j and the proportion of
small distances Yj generated by the A-WE model (r2=0.969,
P=0.00014): the smaller j, the better the simulations fitted the
observed data, and the greater the enrichment of the A-WE model
in these simulations. This analysis thus clearly supports our
conclusion that the A-WE model is the most probable, given the
autosomal data.
Unlike autosomal, X-linked and Y-linked regions, mtDNA

displayed strong differentiation between Western and Eastern
Pygmies (Table S5), an observation at odds with the A-WE
model. Several lines of evidence suggest that sex-biased gene
flow, ancient maternal population structure and/or stronger
genetic drift have contributed to the high levels of mtDNA
differentiation observed today between the two Pygmy groups
(Text S1 for details). More generally, genetic drift has probably
been greater among PYG populations for all genomic compart-
ments, because the PYG Ne is smaller than the AGR Ne,
potentially leading to higher levels of differentiation between the
two PYG groups than between each PYG group and the AGR
group. Indeed, when simulating the 20 autosomal regions under
the AWE model, in which the three populations diverge
simultaneously, greater mean differentiation was observed
between the two PYG groups than between the PYG and
AGR populations (data not shown). Consequently, a more recent
divergence between the two Pygmy groups (than between the
PYG and AGR groups) is required, both to compensate for the
stronger genetic drift among PYG populations and to generate
the observed lower level of differentiation of autosomal regions
between the two PYG groups. Taken together, our analyses,
which explored a wide range of models and parameter values
(Table S9), clearly support the hypothesis of a recent common
origin of Western and Eastern African Pygmies.

Estimates of Population Separation Times and Levels of
Gene Flow: An Approximate Bayesian Computation
Approach
We then investigated the time scale of the various events

characterizing the branching history of AGR, WPYG and EPYG
populations, by estimating IM parameters under the validated A-
WE model. The coestimation of population separation time and
gene flow levels between two populations is generally difficult
because low levels of differentiation may result from either a recent
splitting of populations with low subsequent gene flow or from an
ancient split with high subsequent gene flow [47]. Several methods
have been developed for confident estimation of IM parameters,
provided that some fixed differences between diverging groups are
observed (i.e., species or subspecies) [48–50]. These methods are
also limited to an IM model with only two populations, or to
constant-sized populations. The application of two of these
methods to our dataset — IMa and mimar [49,50] — provided
no evidence of chain convergence despite good mixing of the

Figure 5. Four possible models explaining the branching
history of African farmers, Western Pygmies, and Eastern
Pygmies. Arrows indicate symmetric gene flow.
doi:10.1371/journal.pgen.1000448.g005

Demographic History of African Farmers and Pygmies
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in the Pygmy population accompanied by high levels of gene flow
with the AGR population than with a model of a constant-sized
Pygmy population with negligible gene flow with the AGR
population. A bottleneck beginning 2,500–25,000 years ago with
an 80% decrease in population size, followed by a recovery
starting 125 years later with a size increase of between 100% and
400% (Figure 4), fitted the WPYG data significantly better than
the constant-sized population model (P=0.04, see Materials and
Methods). For the EPYG group, a bottleneck starting 250–2,500
years ago with a 90 to 95% decrease in population size (Figure 4)
fitted the observed genetic diversity significantly better than the
constant-sized population model (P,0.01). Population structure
models could also theoretically fit the PYG data, in the presence of
gene flow with AGR populations. However, the occurrence of
population structure in PYG populations alone is unlikely because
(i) our analyses considered a pruned population dataset excluding
admixed populations (Figure 2B) and (ii) the influence of
population structure within WPYG populations is probably
negligible because within-population neutrality statistics for each
WPYG population individually were always positive (Text S1).
Altogether, our adjustment for the demographic regime of each
population group revealed the occurrence of population growth in
AGR populations and bottlenecks in both the WPYG and EPYG
groups.

The Branching Model: Autosomal Evidence of a Recent
Common Origin of the Western and Eastern Pygmy
Groups

The sequence of the divergence events underlying the current
differentiation of Western Pygmy, Eastern Pygmy and agricultural
groups remains unclear. All Pygmy groups share idiosyncratic
cultural and phenotypic traits, but substantial linguistic and
genetic differentiation between Pygmy groups is also observed
[8,27,35,36,46]. These observations call into question the
postulated common origin of African ‘‘Pygmy’’ populations.
Indeed, if Western and Eastern Pygmy groups share a more
recent ancestry with their respective agricultural neighbors than
with each other, then they may have acquired their shared specific
traits by convergence rather than by shared ancestry. Various
models can be put forward to explain the current levels of
differentiation between these three different groups: (i) the A-WE
model, involving an ancient divergence between the ancestors of
the AGR and PYG groups, followed by a split of PYG ancestors
into the WPYG and EPYG groups; (ii) the W-AE model, in which
the most ancient split is that between the ancestors of the WPYG
and AGR groups; (iii) the E-AW model, in which the most ancient
divergence is that between the ancestors of the EPYG and AGR
groups, and (iv) the AWE model, in which all populations diverged

Figure 4. Different models simulating the demographic regime of the WPYG and EPYG groups and the mean proportion of small
distances (Y0.5) obtained in comparisons with simulated statistics. Times are in generations. Tbot and Sbot are the time and strength of the
bottleneck, respectively. Trec and Srec are the time and strength of the population-size recovery, respectively. Modeling details and the prior
distributions of parameters are given in Table S8. We calculated the mean Y0.5 for a given model and set of parameters, by resampling, among
100,000 simulations, 100 sets of 10,000 simulations of the model, calculating Y0.5 for each set and reporting the mean Y0.5 across sets. The model
with one bottleneck (Tbot: 100–1000 generations, Sbot = 5) and one recovery (Trec = Tbot-5 generations, Srec: 0.2–0.5) generated, for the WPYG group,
the maximumY0.5 in 76% of cases when compared with all models, and in 96% of cases when compared with only constant population-size models.
For the EPYG group, the model with one bottleneck (Tbot: 10–100 generations, Sbot = 10–20) generated the maximum Y0.5 in 28% of cases when
compared with all models, and in 100% of cases when compared only with constant population-size models.
doi:10.1371/journal.pgen.1000448.g004

Demographic History of African Farmers and Pygmies

PLoS Genetics | www.plosgenetics.org 5 April 2009 | Volume 5 | Issue 4 | e1000448

Patin et al. (2009)



What sources of information 
do we have?

• Allele frequencies--more closely related population have more similar 
allele frequencies. E.g. clustering algorithms (STRUCTURE/PCA), 
tree-building algorithms

• Linkage disequilibrium--influenced by mixture between populations. 
E.g. local ancestry inference, ROLLOFF 

• Mutations--shared rare mutations between populations indicate 
shared history. E.g. mtDNA trees (not going to cover this)



Caution: all methods can be 
misinterpreted

• Why does ADMIXTURE not identify admixture?
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Supplementary Figure S9: LD information identifies previously undetectable admix-
ture events. We performed simulations of two populations, one of which admixed with the other
40 generations in the past (see Section 3.4 for details). Shown are results from two simulations.
A. The simulated demography. B,D. Results from running ADMIXTURE on the simulated data.
C,E. Results from the measure of LD decay described in Section 3.4.
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40 generations in the past (see Section 3.4 for details). Shown are results from two simulations.
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Caution: all methods can be 
misinterpreted

• Need somewhat-more model based methods for inferring/testing tree 
topologies
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ture events. We performed simulations of two populations, one of which admixed with the other
40 generations in the past (see Section 3.4 for details). Shown are results from two simulations.
A. The simulated demography. B,D. Results from running ADMIXTURE on the simulated data.
C,E. Results from the measure of LD decay described in Section 3.4.
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Inferring and testing 
topologies

• Cavalli-Sforza and Edwards (1967) 
point out that allele frequencies drift 
randomly, might be used to 
reconstruct population trees

• What type of model?

CAVALLI-SFORZA AND EDWARDS

FIG. 1. An evolutionary tree and its projection onto the "now" plane.

gene frequencies among present-day populations, although it is clearly pos-

sible to extend it to other cases. In particular, once methods have been set

up for estimating the course of evolution from present-day data, they can

be extended without difficulty to include data from the past. Such an ex-

tension involves no logical jump and little increase in mathematical complexity.

The proper basis for the study of evolutionary divergence will be provided

by the transformation of the space-time which makes a unit vector, in whatever

direction (normal to time) and in that part of the space which corresponds to

the amount of evolutionary change expected in unit time. Such a transformed

space-time will be homogeneous and isotropic with respect to evolutionary

progress; in some problems it may not be Euclidean, or it may not even be

possible to formulate the problem in geometrical terms, but the Euclidean

representation is the simplest possible and will suffice for the development

of the argument. The correct transformation will, of course, depend on the

evolutionary model and the type of data available, and in the case of gene

frequencies will be treated below.
THE GENETIC BASIS

Of the major evolutionary forces-mutation, migration, selection, and drift

-we shall not incorporate the first two into our model. Mutation pressure

is known to be usually very small compared with other pressures, so that its

neglect, or its confounding with the other pressures, is reasonable: We are

not here concerned with mutation in its role as the source of variation.

235



Cavalli-Sforza and Edwards (1967)

• The first proposal for treating inference of 
population phylogenies as a statistical problem

• Consider an allele with frequency x

• What is its frequency t generations later?

• Can be written down analytically (Kimura 1955), but 
an approximation is useful

CAVALLI-SFORZA AND EDWARDS

FIG. 1. An evolutionary tree and its projection onto the "now" plane.
gene frequencies among present-day populations, although it is clearly pos-sible to extend it to other cases. In particular, once methods have been setup for estimating the course of evolution from present-day data, they canbe extended without difficulty to include data from the past. Such an ex-tension involves no logical jump and little increase in mathematical complexity.The proper basis for the study of evolutionary divergence will be providedby the transformation of the space-time which makes a unit vector, in whateverdirection (normal to time) and in that part of the space which corresponds tothe amount of evolutionary change expected in unit time. Such a transformedspace-time will be homogeneous and isotropic with respect to evolutionaryprogress; in some problems it may not be Euclidean, or it may not even bepossible to formulate the problem in geometrical terms, but the Euclideanrepresentation is the simplest possible and will suffice for the developmentof the argument. The correct transformation will, of course, depend on theevolutionary model and the type of data available, and in the case of genefrequencies will be treated below.

THE GENETIC BASIS

Of the major evolutionary forces-mutation, migration, selection, and drift-we shall not incorporate the first two into our model. Mutation pressureis known to be usually very small compared with other pressures, so that itsneglect, or its confounding with the other pressures, is reasonable: We arenot here concerned with mutation in its role as the source of variation.
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Natural way of learning about tree 
structure from allele frequencies

Drift parameter
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D. Covariance matrix for example graph

Figure 1: Toy examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. C. An example graph. The migration edge is colored red. D. The covariance matrix
implied by the graph in C. In red are the migration terms, and in blue the non-migration terms.
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xA

[X1, X2, ...] ∼ MVN(xA, V )

Felsenstein (1973), figure from 
Pickrell and Pritchard (2012)



Application to humans

Li et al. (2008)

Tree constructed from 
150,000 SNP allele 

frequencies using contml



Application to humans

Li et al. (2008)

Advantages of tree-building:
- Fast, useful summary of 
population relationships

- Uses all populations

Disadvantages:
- Ignores migration, which 
makes interpretation difficult

- No way of judging 
goodness of fit



Is a tree a good fit?

A DCB



Is a tree a good fit?

A DCB
Four-population test: consider the 
following statistic, averaged over 

all SNPs in a genome

Reich et al. (2009)

f4 = (fA − fB)(fC − fD)



Is a tree a good fit?

A DCB

Four-population test: consider the statistic

Reich et al. (2009)

f4 = (fA − fB)(fC − fD)

This is equivalent to the following expression in 
terms of covariances:

f4 = VAC − VBC − VAD + VBD



Is a tree a good fit?

A DCB

Four-population test: consider the statistic

Reich et al. (2009)

f4 = VAC − VBC − VAD + VBD

In the absence of migration (i.e. if the tree is 
correct), the expected value of this statistic is 0



Is a tree a good fit?

A DCB

Four-population test: consider the statistic

Reich et al. (2009)

f4 = VAC − VBC − VAD + VBD

Negative value: gene flow between 
(populations related to) B and C or A and D



Is a tree a good fit?

A DCB

Four-population test: consider the statistic

Reich et al. (2009)

f4 = VAC − VBC − VAD + VBD

Positive value: gene flow between (populations 
related to) A and C or B and D



Is a tree a good fit?

A DCB

Reich et al. (2009)

How to test significance? Compute statistic 
many times, dropping out large genomic 

regions, compute standard error in estimate, 
compute Z-score

(This is a standard statistical technique known 
as the jackknife)



Application to humans
• Consider the following unrooted tree

Papuan British

Yoruba (Nigeria) Spanish

Moorjani et al. (2011)

• Does this tree work?

• Test (P-Y)(B-S), get value greater than 0, with a Z-score around 12 (p-
value negligible)

• What is the interpretation?



Is a tree a good fit?

A CB
Four-population tests are often hard to 

interpret. Consider a three-population test for 
admixture in population A:

Reich et al. (2009)

f3 = (fA − fB)(fA − fC)

Which is equivalent to:

f3 = VAA − VAB − VAC + VBC



Is a tree a good fit?

A CB
Three population test: in the absence of 
admixture in population A, this statistic is 

necessarily greater than zero

Reich et al. (2009)

f3 = VAA − VAB − VAC + VBC



Is a tree a good fit?

A CB
Three population test: in the presence of 

admixture in population A, this statistic can be 
less than zero

Reich et al. (2009)

f3 = VAA − VAB − VAC + VBC



Application to humans

• Consider the following unrooted tree

British

Yoruba (Nigeria)

Spanish

Moorjani et al. (2011)

• Does this tree work?

• Test Spanish for admixture; ie. calculate (S-Y)(S-B). Negative three-
population test; Z-score around -20 (p-value negligible) 

• What is the interpretation?



Can we incorporate 
migration into trees?

• Trees of populations can be constructed efficiently for many 
populations, three- and four-population tests indicate places where a 
tree fails

• Is there a model that can handle many populations with migration?



How are the allele frequencies in 
different populations related?

Drift parameter
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Figure 1: Simple examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. Note that the covariance here is with respect to the allele frequency at the root,
and that each entry is multiplied by a factor of xA[1 − xA], which is not shown. C. An example
graph. The migration edge is colored red. Parental populations for population 3 are labeled in
black; see the main text for details. D. The covariance matrix implied by the graph in C. In red
are the migration terms, and in blue the non-migration terms.
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How are the allele frequencies in 
different populations related?
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Figure 1: Simple examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. Note that the covariance here is with respect to the allele frequency at the root,
and that each entry is multiplied by a factor of xA[1 − xA], which is not shown. C. An example
graph. The migration edge is colored red. Parental populations for population 3 are labeled in
black; see the main text for details. D. The covariance matrix implied by the graph in C. In red
are the migration terms, and in blue the non-migration terms.
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Fit the observed matrix to the one 
predicted by the tree/graph
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Figure 1: Simple examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. Note that the covariance here is with respect to the allele frequency at the root,
and that each entry is multiplied by a factor of xA[1 − xA], which is not shown. C. An example
graph. The migration edge is colored red. Parental populations for population 3 are labeled in
black; see the main text for details. D. The covariance matrix implied by the graph in C. In red
are the migration terms, and in blue the non-migration terms.
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Figure 1: Simple examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. Note that the covariance here is with respect to the allele frequency at the root,
and that each entry is multiplied by a factor of xA[1 − xA], which is not shown. C. An example
graph. The migration edge is colored red. Parental populations for population 3 are labeled in
black; see the main text for details. D. The covariance matrix implied by the graph in C. In red
are the migration terms, and in blue the non-migration terms.
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Ŵ11 Ŵ12
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How to quantify fit?
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Figure 1: Simple examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. Note that the covariance here is with respect to the allele frequency at the root,
and that each entry is multiplied by a factor of xA[1 − xA], which is not shown. C. An example
graph. The migration edge is colored red. Parental populations for population 3 are labeled in
black; see the main text for details. D. The covariance matrix implied by the graph in C. In red
are the migration terms, and in blue the non-migration terms.
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Figure 1: Simple examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. Note that the covariance here is with respect to the allele frequency at the root,
and that each entry is multiplied by a factor of xA[1 − xA], which is not shown. C. An example
graph. The migration edge is colored red. Parental populations for population 3 are labeled in
black; see the main text for details. D. The covariance matrix implied by the graph in C. In red
are the migration terms, and in blue the non-migration terms.
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Estimation

C12 = c2
C13 = wc2

...

Fix w, solve cʼs by (non-negative) least squares
Search over w to get MLEs for a given topology

C11 = c6 + c2
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Figure 1: Simple examples. A. An example tree. B. The covariance matrix implied by the tree
structure in A. Note that the covariance here is with respect to the allele frequency at the root,
and that each entry is multiplied by a factor of xA[1 − xA], which is not shown. C. An example
graph. The migration edge is colored red. Parental populations for population 3 are labeled in
black; see the main text for details. D. The covariance matrix implied by the graph in C. In red
are the migration terms, and in blue the non-migration terms.
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Estimation

1. Estimate tree without migration

Pop1

Pop2

Pop3

Pop4?



Estimation

2. Find poorly fitted populations, try migration events

Pop1
Pop2

Pop3
Pop4



Application 1: worldwide sample of humans
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Pickrell and Pritchard (2012)

Large residuals indicate poorly 
fitting populations
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